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Grasping Robots: Force Distribution
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•For each contact point, we have: ci,2
2+ci,3

2≤μici,1
2

•Friction Cone: Nonlinear Second-Order Cone (SOC) 

constraint



• Nonlinear friction cone constraint

– ci,2
2+ci,3

2≤μici,1
2

• Other constraints:

– Ci,1≥0 Pushing force only

– -τmax≤ τi≤τmax Torque limits

–Wc=fext Force Equality Constraint
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Grasping Robots: Force Distribution



• Numerical efficiency.

• Ability to grasp fragile and heavy objects.

• Low actuator effort.

• Robustness to slip.

• Ability to disengage a re-engage fingers in 
grasp.

• Smooth force trajectory in response to 
smooth changes in input data.

Desirable characteristics of grasping 
force optimizations
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• Multiple methods have been proposed in the 
past 3 decades.

– Linear approximation of cone [Kerr and Roth 
1986].

– Suboptimal methods [Kumar 1988].

– Newton Method Descent on Barrier Function 
[Bicchi 1994].

– Semi Definite Programming [Buss 1996].

– Linear Matrix Inequality [Han, Trinkle 2000].

– Efficient Newton Method on Barrier Function 
[Boyd 2007]. 

Prior Work
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• This progression in computational techniques 
is not characterized by monotonic 
improvement.

• In fact, for many years, numerically efficient 
techniques were overlooked in favor of very 
elegant (but slower) methods.

• The existence of benchmarking and 
standardized methods for algorithmic 
comparison would have made this evident 
much sooner.

Necessity of Experimental Methodology 
and Benchmarking

6



Kerr and Roth (1986)
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•Linearize friction cone

•Compute the 

Chebyshev center of 

the manifold of feasible 

forces that satisfy 

equality requirements.

•Increases robustness 

to slip with reasonable 

actuator effort.

•Readily solvable LP 

problem.



• Center of the hypersphere with largest 
radius than can be inscribed in a 
polyhedron.

Chebyshev Center
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XCheb

• One measure of the “center” of a 
polyhedron.

• Critical tradeoff between robustness to slip 
and low actuator effort.



• Smooth changes in input data can result in step 
discontinuity in Chebyshev center.

Discontinuity of Chebyshev Center
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• Discontinuous force profiles can result from 
Chebyshev centering methods.



• Bicchi presented Newton descent on a 
barrier function.

– Barrier function is defined and convex, even 
for infeasible solutions.

– Minimizing barrier function proposed as a 
quantitative test of force closure. Force 
distributions can be computed from the 
optimum.

– Smoothness guaranteed, as with all interior 
solutions to convex optimizations.

Descent on a Barrier Function (1994)
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• Efficiently computable, although no 
complexity analysis is provided.

• Considers upper bound on actuator effort.

• Does not consider removal/insertion of 
fingers.

• No flexibility in selecting between large or 
small contact forces, although this can be 
enabled with slight modifications.

Bicchi [1994]

11



• Expressed all force constraints as the positive-
definiteness of a matrix P.

• min Φ(P)=tr(WpP+WiP
-1)

– s.t. P>0

• Semi-Definite Program (SDP).

• Wp and Wi are weighting matrices.

• First term weights actuator effort.

• Second term is a barrier term that approaches 
infinity as P approaches singularity.

• Force/stability tradeoff.

Buss (1996)
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• SDPs

– Convex optimization problem.

– Can be solved using, for example, Dikin-type 
algorithms.

• Initial feasible points required.

– Matrix P>0 that satisfies a set of equality 
constraints.

– Two-phase solution.

SDPs
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• Buss’ work garnered a significant amount 
of attention, and a large number of papers 
followed suit.

• LMI formulations were introduced [Han et 
al. 2000].

• Grasping experiments with a robotic hand 
using SDP methods [Schlegl et al, 2001].

• Neural network solutions [Xia et al, 2004].



• Typically solved using iterative projection 
methods.

– Computational effort dominated by solution to 
a particular least-squares problem.

– Each Linear Matrix Inequality (LMI) introduces 
O(p6/4) FLOPs, where p is the row dimension 
of the LMI.

• Numerical instability can occur near optima. 

• Less intuitive than interior point barrier methods.

• More difficult to implement.

Computational Complexity of 
Solving SDPs
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• Boyd, Wegbreit returned focus to barrier 
function methods [TRO, 2007].

• Cite computational complexity of solving 
SDP, SOCP problems using standard 
packages.

• Minimize maximum norm of contact force.

• Computed Newton step in O(M) flops.

• Typically requires less than 10 iterations 
for convergence.

Efficient Newton Method
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• Minimizing grasp forces reduces 
robustness to slip.

• Solutions typically occur on the SOC 
friction constraint.

Boyd, Wegbreit [2007]
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None of these methods address 
entire list of desired characteristics
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• Numerical efficiency.

• Ability to grasp fragile and heavy objects.

• Low actuator effort.

• Robustness to slip.

• Ability to disengage a re-engage fingers in 
grasp.

• Smooth force trajectory in response to 
smooth changes in input data.



• By selecting appropriate barrier functions 
for polyhedra and SOCs, linear and non-
linear constraints can be addressed 
efficiently without computational burden 
associated with SDP solvers.

Barrier Functions for Polyhedra
and SOCs
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Logarithmic Barrier Function for Polyhedra
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•For a polyhedron represented by Ay≤ b, 

the logarithmic barrier function is given by:

where ri is the ith entry in the vector of 

residuals r=BLP-ALPy. To minimize this 

barrier term is to maximize the product of 

residuals. This analytic center is one 

notion of the center of a polyhedron.



• Gradient and Hessian are readily 
computable

Gradient and Hessian
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• We can also define a logarithmic barrier 
function for a set of β SOC constraints:

• Punishes proximity to violation of SOC 
constraints

Barrier Function for SOCs
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• Gradient and Hessian also readily 
computable.

• Introduce:

• Then:

where:

Further:

Gradient and Hessian
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• Force optimization can now be expressed 
using a Weighted Barrier Function:

where:

and α weights proximity to torque limits 
relative to proximity to friction cone 
constraints

Weighted Barrier Function
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• The equality constraint can be enforced by 
finding a particular solution to Wc=f
(cp=W

+f) and optimizing on a vector in 
the null-space of W.

• Reduces order of optimization by the 
number of DOFs of the grasped object.

• Can now be solved using Newton method.

Reduced formulation
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• Continuous and smooth force profiles.

– Use of the new boundary functions removes 
the possibility for step changes in force 
distributions associated with Chebyshev
centering.

– Enables extrapolation to warm-start iterative 
method

– Improved numerical efficiency.

Properties of Solutions
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Simulation Results
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W-center force distribution for 
grasping robots
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Weighting Factor
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Avoidance of Boundary Conditions
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• Many tasks require fingers to disengage 
and regrasp to manipulate object.

– Repeated wrenches required to screw in a 
lightbulb.

• Force trajectories must be continuous to 
maintain stability.

• Force equality and SOC contraints must be 
met throughout.

Regrasping
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• Removal/insertion of fingers in grasp 
achieved by adding a loose upper bound 
on normal contact forces.

• If a finger is to be removed, its upper 
bound shrinks gradually to zero until 
finger’s contact force is removed from the 
grasp.

• Insertion of finger achieved by relaxing 
constraint.

Regrasping
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Effects of Regrasping on 
Contact Forces
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Increased Proximity to Constraints
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Computational Complexity
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• Implemented in interpretive language

• 700us for four-fingered case

• 600us during three-fingered operation

Computational Complexity
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• Cost of Newton’s method dominated by 
computation of gradient and Hessian and 
subsequent solution of linear system.

– For four-fingered case, roughly 12kFLOPS 
required.

– Only one iteration typically required.

• For SDP methods, cost of merely computing 
projection in each iteration is 24kFLOPS.

– Results in prior work show convergence in 
roughly 5 iterations.

• At least 10x reduction

Complexity Comparison (SDP)
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• O(M) Newton step [Boyd 2007] can be 
used.

• Thus, performance on par with the 
methods of Boyd and Weibreit is 
expected.

Complexity Comparison (Fast 
Newton Method)
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• Solutions near or on SOC 
boundaries yield increased 
number of iterations.

• For large α, our formulation 
becomes a minimization of 
contact forces, resulting in 
close proximity to SOC 
constraints and increasingly 

ill-conditioned problems.

Complexity Comparison
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Complexity Comparison

40

• Selecting reasonable weighting 
factors (.1<α<15) enables 
operation fairly close to limits.

• Variation in required iterations 
is moderate over this range.

• Weighted Barrier Methods can 
avoid numerical issues 
associated with iterants near 
or on constraints.

• Reduces number of iterations 
required.



• For at least a decade, much effort and 
many excellent papers investigated 
various SDP, LMI methods.

• Despite significant computational burden 
and numerical issues and the existence of 
faster methods.

• Could availability of benchmarking 
methods have helped guide research?

Benchmarking
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• “Complexity Analysis” for iterative methods is 
very hand-wavy (see previous slides).

• Per iteration costs can be computed.

• Number of iterations required for convergence 
equally important, less readily comparable.

– Available theoretical upper bounds are very 
loose and never approached in practice.

– Trajectory, robot hardware/configuration, 
sampling rate, required accuracy, operating 
region on force/slip robustness curve, etc.

Benchmarking
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• Robustness to slip must also be 
considered.

• Methods to strictly minimize contact forces 
may perform poorly in this regard, but this 
has not been demonstrated sufficiently.

Benchmarking
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• A set of benchmarking tools for grasping is 
long overdue.

• Evaluate current methods.

• To guide future research.

• Identify what areas are “solved”, what 
areas require further work.

Benchmarking
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• Questions…?

Thanks!
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